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Abstract: In this work, the engineering stress–strain tensile curve and the force-deflection bending
curve of two Dual-Phase (DP) steels are modeled, combining the mechanical data of fully ferritic and
fully martensitic steels. The data is coupled by a modified law of mixture, which includes a partition
parameter q that takes into account the strength and strain distributions in both martensite and
ferrite phases. The resulting constitutive model is solved in the context of the finite element method
assuming a modified mixture rule in which a new parameter q′ is defined in order to extend the
capabilities of the model to deal with triaxial stresses and strains and thus achieve a good agreement
between experimental results and numerical predictions. The model results show that the martensite
only deforms elastically, while the ferrite deforms both elastically and plastically. Furthermore,
the partition factor q′ is found to strongly depend on the ferritic strain level. Finally, it is possible
to conclude that the maximum strength of the studied DP steels is moderately influenced by the
maximum strength of martensite.
Keywords: Dual-Phase steel; ferrite; martensite; constitutive modeling
1. Introduction
The Dual-Phase (DP) microstructure consists of a mixture of soft and ductile ferrite and hard
martensite. DP steel can be produced by either hot-rolling plus controlled cooling or via continuous
annealing at the intercritical α + γ range. DP steels are widely applied by the automotive industry,
principally due to its good strength/formability ratio.
The main mechanical and microstructural features of DP steels have been widely studied in the
past years [1–3]. A large amount of literature on DP steels was published in those years. In the eighties,
studies on the influence of process factors on the mechanical properties of DP steels were carried out
by Furukawa and collaborators, finding that a two-stage cooling after the intercritical cooling produces
martensite plus ductile ferrite [4]. Additionally, Shirasawa and Thomson studied the influence of hot
band microstructure on strength of cold rolled DP steels [5]. In the nineties, Sugimoto and collaborators
studied the stability of retained austenite in DP steels [6,7]. The fatigue life of DP steels was measured by
Hashimoto and Pereira, who showed that a ferritic-martensitic steel had a better fatigue behavior than
ferritic-pearlitic steel [8]. The mechanical behavior of Dual-Phase steels with different volume fraction
of martensite was studied by Pouranvari, who found that when increasing the martensite volume
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fraction over 60%, a decrease in the tensile strength is observed, a result that disagrees with the mixture
law [9]. The stretch-flange-formability of DP steels was studied by Hasegawa et al. [10], who found that
during hole-expanding, microcracks propagation depends on the quality of stretch-flange formability.
At low formability, cracks propagate along the phase interfaces, while at high formability, cracks
propagate through ferrite or martensite phases. Additionally, El-Sesy, investigating the influence
of C and Fe3C on properties of DP steels, found that carbon in each phase plays an important role
in mechanical behavior of each phase [11]. Recently, a complete review was published by Tasan
and collaborators, focusing the work on microstructure changes during processing together with
experimental characterization and numerical simulation of the mechanical behavior [12]. These authors
divide the simulation works into three categories: predictions based on averaged properties, models
consisting of microstructural features, and finally simulations related to local mechanical response.
Related to mechanical properties, a strain accommodation phenomenon between ferrite and martensite
during plastic deformation was acknowledged early [13,14]. This strain partitioning was measured
via in situ mechanical testing combined with Digital Correlation Imaging (DIC) [15,16] and X-ray
tomography analysis [17]. The localization of a dislocation substructure in ferrite, which is reached by
accommodating the strain in regions nearby martensite, is observed at different stages of tensile tests.
The mixed nature of the deformation processes, characteristic of ferrite-martensite aggregates, has led
the present authors to consider a model for describing the mechanical behavior of DP steel based upon
the properties of the individual phases. The influence of microstructural variables on the deformation
behavior of DP steels was studied by Jiang and collaborators, finding that refining the ferrite grain size
and increasing the volume fraction of martensite, the yield stress and the strain hardening increased [18].
The effect of ultrafine ferrite grain size of about 2.7 µm and an average martensite size island of about
2.9 µm on the work hardening was studied by Pan et al. [19], who found superior mechanical properties
attributed to the refinement. Additionally, an image-based calculation of stress–strain curve of the
two-phase microstructure material was developed by Koyama, using specifically a modified version of
the secant moduli method proposed by Weng [20]. The influence of strain rates on the deformation
and fracture behavior of two DP steels was studied by Liang et al. [21], finding that the yield strength
monotonically increases with strain rates whereas the behavior of the ultimate tensile strength, uniform
deformation and post uniform elongation only exhibit a significant increase for high strain rate levels.
Related to modeling, many authors have contributed with different proposals. Tomota and
Tamura studied the mechanical behavior of dual-phase steels, analyzing aspects such as the parameters
controlling the mechanical properties, the different stages of the stress–strain curve, the work hardening,
and the theories of deformation [22]. A theoretical model of the tensile work hardening behavior
of Dual-Phase steels based on a partition parameter was developed by Lian and collaborators,
where various volume fraction of martensite were modelled, finding two stages of work hardening
during plastic deformation [23]. A micromechanical cell-based model for DP steels was developed
by El-Abassy and Nemes, who used the single-phase parameter as unique input data for the model,
obtaining results that show a good agreement between the experimental and numerical predictions,
in terms of both stress–strain curve and strain hardening rate [24]. A micromechanical model based
on the dislocation-based work-hardening model that considers multi-boundaries hardening was
developed by Ren et al. [25], finding that the theoretical predictions for tensile tests showed a good
agreement with the experimental results. A micromechanical model that explains the influence of
martensite fraction on the 0.2% proof stress was developed by Liedl and collaborators, carrying out
three-dimensional finite element simulations and showing that there exists a work-hardened ferrite
zone that has influence in the initial flow behavior of the steel [26]. More recently, Evin et al. [27]
modeled the yield strength, the uniform deformation and the true stress of DP steels based on both
the volume fraction of secondary phases and the grain size of the ferrite grain. Crystal plasticity
modeling was applied by Xu et al. [28] to describe the response of DP steels taken into account that the
volume fractions of the constituent phases and the strain partitioning function could be obtained by
tensile experiments.
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In accordance to the previous literature review, it is possible to conclude that predictive approaches
for the tensile stress–strain curve are either (i) phenomenological models based on semi-empirical
laws for the composite material, or (ii) physically based models which can treat the stress–strain
curve as a summation of individual contributions. The present study develops the second (ii) strategy
and considers that the mechanical behavior of the DP steels can be reasonably represented by the
combination of the individual phases by a simple mixture law. Therefore, the aim of this work is
to explore the possibilities and limitations of this constitutive model in describing the mechanical
response of DP steels subjected to different loading conditions. Numerical simulations were carried out
via an elastoplastic model proposed and implemented on an existing finite element-based code [29–32].
The model was validated by comparison with experimental measurements of two DP steels subjected
to tensile and bending tests.
2. Materials and Methods
2.1. Initial Material and Heat Treatments
Five different steels were considered in the experimental campaign carried out in the present
study. The first one is an ultra-low carbon (ULC) steel that was annealed at a temperature close to
A1 and furnace-cooled to ensure the spheroidization of cementite. The second one corresponds to a
medium carbon (MC) steel in the as-quenched condition. The other three were DP steels that consisted
of low carbon steels that were subjected to an intercritical heat treatment to produce a microstructure
consisting of different fractions of ferrite and martensite. The chemical compositions and parameters
of the heat treatments are shown in Tables 1 and 2, respectively. The three heat treatments were carried
out in an electric resistance furnace of temperature variability in the range of ±2 ◦C. The crust of
decarburized material was machined out before sampling.
Table 1. Chemical composition (in wt.%).
Steels C Si Mn P S
ULC-Ferrite 0.070 0.010 0.260 0.016 0.010
MC-Martensite 0.440 0.160 0.750 0.020 0.030
DP0 0.180 0.130 0.220 0.018 0.010
DP1 0.048 0.023 0.417 0.027 0.0087
DP2 0.172 0.0094 0.395 0.022 0.0090
Table 2. Heat treatment parameters. HT and Ht are acronyms for holding temperature and holding
time respectively.
Steels HT, (◦C) Ht, (s) Cooling
ULC-Ferrite 720 600 Furnace
MC-Martensite 925 180 Quench
DP0 785 1800 Quench
DP1 810 300 Quench
DP2 800 900 Quench
2.2. Metallography
The specimen preparation for metallographic observation was carried out via standard grinding
and polishing procedure. The last polishing stage was performed with 1 µm diamond paste.
The etching used to reveal the microstructure in the as-polished surface was Nital 2% v/v (a solution of
HNO3 + ethanol). The imaging was performed on an Olympus BX51 optical microscope (Olympus,
Tokyo, Japan) equipped with a ProgRes C3 digital camera (Jenoptik, Jena, Germany). The phase
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quantification was performed in the DP steels with the software Image Pro Plus (Version 6.0, Media
Cybernetics, Rockville, MD, USA).
2.3. Tensile, Bending and Hardness Tests
The tensile properties of the studied steels were obtained by uniaxial testing using a 30-ton
hydraulic Tinius-Olsen super L model testing machine (Tinius&Olsen, Horsham, PA, USA), equipped
with a linear variable differential transformer (Tinius&Olsen, Horsham, PA, USA) and a digital data
management system (HMTEST, Horsham, PA, USA). Cylindrical and rectangular samples were taken
parallel to rolling direction. The dimensions of the samples and the procedure to run the tensile tests are
specified in the ASTM E8 standard. The cross-head speed was 2.5 mm/min. The measurement of the
strain was carried out with an extensometer attached to the gage length of each sample. A minimum
of three samples were tested for each material.
On the other hand, a three-point bending test was carried out using the previous testing machine
measuring deflection by means of a deflectometer, at a cross-head speed of 2 mm/min. Bending
was stopped at 11 mm of deflection or when the sample breaks, obtaining the register of force and
displacement. The dimensions of the DP1 samples were 150 × 20 × 0.6 mm3 and those of the DP2 were
150 × 20 × 3 mm3.
Finally, Vickers hardness tests were performed on a Struers Duramin micro hardness test machine
(Struers, Copenhagen, Denmark). The values correspond to an average of 10 measurements under
1 Kgf load for 15 s.
3. Thermodynamic and Kinetic Calculations
To design the intercritical treatment to obtain the DP steels, the heat treatments were based on the
calculation of equilibrium temperatures for each system. Such calculations were carried out using the
software ThermoCalc (Version 4.1, database TCFE9, ThermoCalc AB, Solna, Sweden), database TCFE9.
The A1 and A3 temperatures calculated for each steel are shown in Table 3. As an example, the heat
treatment of the DP0 steel, which was selected in this work as the reference material to calibrate the
heat treatment parameters, was designed to produce a specific fraction of austenite (martensite) of
~40%. To achieve this fraction, the ThermoCalc calculations predicted, for an equilibrium fraction of
~45%, a temperature of 785 ◦C. The temperature dependence of austenite fraction is shown in Figure 1a.
Table 3. Equilibrium temperatures (◦C).
Steels A1, (◦C) A3, (◦C) Martensite Volume Percent
ULC-Ferrite 718 871 0
MC-Martensite 712 768 100
DP0 722 842 40
DP1 722 867 37
DP2 722 826 67
Dictra calculations were performed in order to estimate the time for achieving a suitable austenite
phase fraction. The design of the simulation includes the definition of a representative volume (RV),
which considers the dimensions of the initial constituents (average diameter of the proeutectoid ferrite
grains and the pearlitic colonies). Measurements on the initial microstructure yielded an RV value
of 12 µm length, considering a rectangular geometry. The martensite fraction in the DP steels was
assumed to form from the transformation of austenite up to the final cooling implying, therefore,
that the fraction of austenite formed during the heat treatment would determine the fraction of
martensite. For the sake of simplicity, all the cementite in the initial microstructure was considered
to transform instantaneously into austenite, which represents an initial fraction of ~28%. Previous
studies on austenite formation [11] support the previous assumption, since the initial stage of austenite
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formation is very fast. The simulations were carried out at 785 ◦C for 30 min (1,800 s). The results are
shown in Figure 1b. The calculated austenite carbon content after 1,800 s is ~0.41 wt.%, hence yielding
a reasonable proximity to the carbon content of the MC steel (Table 2).
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4. Constitutive Model
The constitutive model introduced in this section is a 3D extension of the uniaxial model developed
by Lian et al. [23]. The Cauchy stress σ and strain ε tensors (as usual, boldface is used for tensors) are
both defined via the law of mixtures as
σ = Vmσm + V fσ f (1)
ε = Vmεm + V f ε f (2)
where V: volume fraction and subscripts m and f stand for martensite and ferrite, respectively, such that
Vm + Vf = 1. Both ferrite and martensite phases are supposed to be homogeneous. The generalized
stress transfer or strain partitioning coefficient q relates stress and strain tensors as
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where E: isotropic elastic constitutive tensor and εp: plastic strain tensor whose increment, according












λ: plastic consistency parameter (computed according to standard concepts of the plasticity
theory [33]); and F: plastic flow potential. In this framework, F is also assumed to be the yield function
such that no plastic evolutions occur when F ≤ 0. In metal plasticity, a classical choice for F is the von
Mises function
Fi = σi −Ci = 0 (8)
such that the equivalent stress is given by σ =
√
3 J2, with J2 being the second invariant of the deviatory
part of σ, and the yield strength Ci is assumed as
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λ); while K and n are the parameters aimed at characterizing the hardening
behavior of the material. Furthermore, εc is the critical effective plastic strain accounting for the effect
of Lüders’ band formation, considered here as a perfectly plastic process, and 〈〉 are the Macauley
brackets (i.e., 〈x〉 = x if x > 0 and 〈x〉 = 0 otherwise). Due to the absence of heterogeneous deformation
and Lüders’ bands, the model simply considers the Hollomon law with a critical deformation equals
to zero.
As already pointed out by Lian et al. [23], the strain partitioning coefficient q depends on both
the martensite content and the deformation of the composite material. In the present work, the
strain rate partitioning coefficient q′ is defined, for a given composition, in terms of the effective
plastic deformation also given by the law of mixtures εp = Vmεpm + Vfεpf. As shown in Section 4,
the function q’ (εp) derived from the experimental stress–strain curve of the steel decreases with the
level of deformation.
The presented mechanical formulation is discretized and solved within the framework of the finite
element method according to the numerical approach detailed in [32], which was successfully used in
the simulation of different steel deep drawing processes in [31,32]. Due to the highly non-linear character
of the present constitutive model, the solution strategy consists in a two-stage predictor-corrector
algorithm incrementally applied at each step of the whole loading sequence. In the predictor stage,
a purely elastic response is assumed for both phases (m and f ). Thus, the strain increments and stress
respectively obtained by Equations (5) and (6) are only predictive values that need to be corrected if
Equation (8) is not fulfilled, i.e., if plastic effects develop due to the stress level achieved at this loading
step. If this is the case, the corrector stage is mainly devoted to update the plastic strain and stress
tensors of both phases via the iterative solution of the system of Equations (5)–(9), taking into account
the law of mixtures (1) and (2). Finally, the resulting stress tensor obtained with this algorithm is
subsequently checked to also fulfill the equilibrium equation in the domain of analysis.
5. Results
The microstructure of the ULC, MC and DP0 steels after the heat treatments described in Table 2
are shown in Figure 2. Equiaxial ferrite is observed in Figure 2a after the spheroidization treatment.
Although the cementite was not resolved by OM (optical microscopy) observations, it is considered
that it will not interact with the mechanical properties of the ferrite. Figure 2b shows a mixture of
martensite and bainite (dark gray areas). Figure 2c–e display the DP0, DP1 and DP2 microstructures,
consisting on a mixture of ferrite (white) and martensite (gray).
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The echanical properties of the ULC, DP1 and DP2 steels were measured via the tensile
test. The properties of martensite were determined through Vickers hardness and the relationships
introduced by Tabor [34,35] and Krauss [36]. Additionally, Takakuwa applied the Tabor method for the
determination of yield stress in stainless steels submitted to surfaces treatments, taking into account
residual stresses [37]. The summary of the measured properties is shown in Table 4. Other parameters
for the model, such as the Young’s and Poisson modules, were considered to be 200 GPa and 0.33,
respectively. The YS (yield strength) of martensite (1570 MPa) was obtained from literature [36].
The experimental stress–strain curve for DP0 showed in Figure 3a was used to calibrate the coefficient
q′. It should be noted that the coefficient q was computed a posteriori from the q′ values only because q
allows a simpler interpretation of the stress and strain phase partitioning since it relates, as stated by
Equation (3), total values of stresses and strains (instead of increments as expressed by Equation (4)).
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At the same time, q′ was also used to model DP1 and DP2 for both the tensile and bending tests.
The comparison of the experimental stress–strain tensile curve and the corresponding model predictions
for the DP1 and DP2 steels is shown in Figure 3b,c. Additionally, Figure 4 shows the comparison
between the experimental and computed results for the force-displacement bending curves for both
DP steels.
Table 4. Mechanical properties.
Steels YS, MPa UTS, MPa YS/UTS ElongationFracture, (%) K, MPa n %m/%f
ULC-Ferrite 308 369 0.83 30 608 0.18
MC-Martensite 1570 2426 0.65 - - -
DP1 (*) 488 688 0.70 12.4 0.59
DP2 (*) 479 932 0.51 7.8 2.03
* The mechanical properties of the DP steels are indicated here as reference values. It should be noted that they were
not used in the constitutive model since the material response of the DP steels was obtained from the mechanical
properties of the nearly single steels ULC and MC.
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6. Discussion
6.1. Microstructure and Mechanical Properties
The microstructure of the DP steel was considered to be a mixture of ferrite plus martensite.
However, the nearly single-phase materials (ULC and MC steels) consist of mixtures of ferrite plus
cementite and martensite plus bainite, respectively. Therefore, the mechanical properties measured in
the tensile tests are biased by the contribution of these phases and microconstituents. In the case of
ULC steel, it was considered that the strength and ductility are negligibly affected by the presence of
cementite. The observation of ~3% bainite, principally at the boundaries of parent austenitic grains,
might decrease the strength of the as-quenched martensitic microstructure. One could thus suggest
that the deviation of the measured properties with the model just above the YS (Figure 3a) is influenced
by the difference in the mechanical properties of martensite (which were calculated assuming that all
the austenite was transformed into martensite).
Another clear difference between the initial materials and the DP microstructure is the ferritic and
martensitic grain sizes (GS). The grain size dependence of the YS can be described by the Hall-Petch
relationship, which predicts that an increase in GS lead to the decrease in the YS. Comparison of
Figure 2a,c indicates a considerable difference in GS between the two microstructures and, therefore,
one can expect an observable impact in the YS. Similarly, the GS of martensite will have an impact on
the YS of the DP steel. However, due to its larger value (compared to ferrite; see Table 4), the effect
is neglected.
In the tension tests, the engineering stress does not decrease because the samples do not
show necking during the test. Therefore, in all the samples studied, the fracture occurs only with
homogenous deformation.
It is observed for DP1 (Figure 3a) that the model slightly underestimates the value of the stress
slope at early stages of the homogeneous plastic deformation and fits the measured data in a rather
consistent fashion up to a strain value of 10%. The difference stems from the low work-hardening index
of the DP steel, which is markedly high up to strains of ~2%. It should be mentioned that the model
only considers the implicit dislocation interactions in the ferritic matrix and does not account for the
particularities of the ferrite-martensite aggregates. Therefore, the deviations detected at the beginning
and last stages of the homogeneous plastic deformation are thus believed to be a consequence of the
dislocation interactions not considered within the framework of the proposed model.
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For DP2 steel (Figure 3b), the model fits the measured data reasonably well until a strain value of
8%, when the sample fractures. Heterogeneous deformation was not observed in this sample, so the
maximum stress coincides with the fracture stress. It is likely that the brittleness of the sample could
be related to the high percentage of martensite that in this sample reaches 67%, as expected.
In both steels, the heterogeneous deformation near the yield stress does not appear due to the
martensite phase inducing enough dislocations in the ferrite and permits the plastic deformation
evolution in the steels, despite the interactions between carbon atoms and dislocations.
On the other hand, the bending curves of both steels look different due to the different thicknesses
of both samples (0.6 and 3 mm). It was not possible to reduce the thickness of the DP2 steel by cold
rolling and annealing. Apart from this, for both steels, the model fits the experimental data quite
well, as shown in Figure 4a,b. It should be mentioned that the mathematical model is based on
the parameters derived from the tension test: yield stress, strain hardening coefficients and also the
partition coefficient. Therefore, the fact that it is possible to predict the behavior of two DP steels in the
tension and bending tests from a mixture rule proves that the model proposed and used in this work is
independent of the stress state applied on the solid and, consequently, is of general validity.
6.2. Other Parameters
The model determines strain in each phase, and the obtained results show that only the ferrite
phase deforms plastically, while martensite remains in the elastic region. The observed difference
between the predicted and measured values of YS depends directly on the partition coefficient q′,
which links the material response of each phase (ferrite and martensite) with the effective stress–strain
relationship of the DP steel.
The evolution of the partition coefficient q′ with strain depicted in Figure 5a was obtained by
adjusting the model predictions to the experimentally measured engineering stress–strain curves for
both the DP1 and DP2 steels. The coefficient q in terms of the true strain plotted in Figure 5b was
computed from the results of the simulation with Equation (3), in order to more clearly show the
contribution of the martensite and ferrite phases on the effective response of the steels. The sharp
slope at small strains, which can be extrapolated to an iso-strain line at the beginning of the plastic
deformation, indicates that the material response is mainly governed by the martensite phase during
the early deformation stage. At large deformation levels, the decrease in the slope tends to an iso-stress
situation for which the behavior of the ferrite phase is predominant in the overall stress–strain curve of
the DP steels [15]. In addition, both coefficients q′ and q are related according to the curve shown in
Figure 5c. As already mentioned, the parameter adjusted was q’, while the parameter q was computed
a posteriori. The advantage of this last parameter is that it has a clear interpretation on the basis of the
stress–strain curves of DP steels and the phases ferrite and martensite.
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When the ferrite phase starts deforming plastically at very small strains, both steels show low
yield strength and a very high initial work hardening index, with a YS/UTS factor of 0.70 and 0.51
for DP1 and DP2, respectively. Clearly, the highest strain values are shown by the ferrite phase,
while the as-quenched martensite shows only a very limited elastic deformation. This is due to the
strain-dependent relationship of the partition coefficient q′. Therefore, it is possible to conclude that
the maximum mechanical strength of the dual-phase steel is not linearly related to the maximum
strength of martensite. The experimental values of the stress at high strains, compared with the results
of the model, are lower. One possible reason for this might be that the dual phase steel starts to fail at
high strain values due to the decohesion of the ferrite and martensite boundaries. To attain a better fit,
some failure mode hypotheses should be implemented in the constitutive model.
7. Conclusions
In the present study, the mechanical properties of two DP steels were predicted by a constitutive
model based on the mechanical properties of individual phases (ferrite and martensite). Two mechanical
tests were modeled: tensile and bending. In both cases, a good agreement between experimental data
and the odel could be observed. The approach considered the tensile measurements of ferrite and
martensit and estimated from them th response of the DP steels. A strain-d pend nt partitioning
coefficient relating str in ncrements w th eff ctive stresses was proposed to this end.
The impact on the mechanical properties of the heterogeneities in the initial microstructures
was discussed. The grain sizes and bainite fractions, as well as dislocatio intera tions, which were
characteristic of the DP microstructure, were thought to be playing a role at the early stages of
homogeneous plastic defor ation.
The proposed elastoplasticity model, implemented and solved with finite element-based software,
was found to adequately represent the experimental results. It is predicted that, even at the maximum
load, the as-quenched martensite has a narrow effect either on the strength or strain of the two DP
steels studied in this work.
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